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Norm preserving extensions 
of holomorphic functions 
from subvarieties of the bidisk 

By Jim Agler and John E. McCarthy* 
1. Introduction 

A basic result in the theory of holomorphic functions of several complex 
variables is the following special case of the work of H. Cartan on the sheaf 
cohomology on Stein domains ([10], or see [14] or [16] for more modern treat- 
ments) . 

Theorem 1.1. If V is an analytic variety in a domain of holomorphy 17 
and if f is a holomorphic function on V, then there is a holomorphic function 
ginVt such that g = f on V. 

The subject of this paper concerns an add-on to the structure considered 
in Theorem 1.1 which arose in the authors' recent investigations of Nevanlinna- 
Pick interpolation on the bidisk. The definition for a general pair (0, V) is as 
follows. 

Definition 1.2. Let V be an analytic variety in a domain of holomor- 
phy fi. Say V has the extension property if whenever / is a bounded holo- 
morphic function on V, there is a bounded holomorphic function g on Q such 
that 

(1.3) 9\v = f and sup [5] = sup 

n V 

More generally, if Hol°°(y) denotes the bounded holomorphic functions on V 
and A C }iol°°{V), then we say V has the A-extension property if there is a 
bounded holomorphic function g on il, such that (1.3) holds whenever f £ A. 

Before continuing we remark that in Definition 1.2 it is not essential that 
y be a variety: interpret / to be holomorphic on y if / has a holomorphic 
extension to a neighborhood of V. Also, in this paper we shall restrict our 
attention to the case where = B^. The authors intend to publish their 
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results on more general cases in a subsequent paper. Finally, we point out 
that the notion in Definition 1.2 is different but closely related to extension 
problems studied by the group that worked out the theory of function algebras 
in the 60's and early 70's (see e.g. [19] and [4]). We now describe in some detail 
how we were led to formulate the notions in Definition 1.2. 

The classical Nevanlinna-Pick Theory gives an exhaustive analysis of the 
following extremal problem on the disk. For data Ai , . . . , A„ G D and zi,... ,Zn 
G C, consider 

(1.4) p = inf {sup \ip{X)\ : ^ : D C, ip{Xi) = Zi}. 

Functions ip for which (1.4) is attained are referred to as extremal and the 
most important fact in the whole theory is that there is only one extremal 
for given data. Once this fact is realized it comes as no surprise that there is 
a finite algebraic procedure for creating a formula for the extremal in terms 
of the data and the critical value p (as an eigenvalue problem) an important 
result, not only in function theory [13], but in the model theory for Hilbert 
space contractions [12] and in the mathematical theory of control [15]. 

Now, let us consider the associated extremal problem on the bidisk. For 
data Xi = (Aj, Af ) G B^, 1 < z < n, and Zi eC,l <i <n, let 

(1.5) p = inf {sup \^{X)\ : ^ : holo C, ^{Xi) = z^}. 

Unlike the case of the disk, extremals for (1.5) are not unique. The authors 

however have discovered the interesting fact that there is a polynomial variety 
in the bidisk on which the extremals are unique. Specifically, there exists 
a polynomial variety Vx^z ^ depending on the data, and there exists a 
holomorphic function / defined on V\^z with the properties that Ai, . . . , A„ G 

(1.6) g\v^^ = f and sup jfif] = sup |/| 

whenever g is extremal for (1.5). Furthermore there is a finite algebraic pro- 
cedure for calculating / in terms of the data and the critical value p (now, 
calculating /> is a problem in semi-definite programming). See also the paper 
[6] by Amar and Thomas. 

Thus, it transpires that there is a unique extremal to (1.5), not defined 
on all of ID^, but only on V\^z, and that the set of global extremals to (1.5) 
is obtained by taking the set of norm preserving extensions of this unique lo- 
cal extremal to the bidisk. Clearly, the nicest possible situation would arise 
if it were the case that V\^z had the polynomial extension property (i.e.. Def- 
inition 1.2 holds with f2 = D^,y = V\^z and A = polynomials), for then the 
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analysis of (1.5) would separate into two independent and qualitatively differ- 
ent problems: the analysis of the unique local extremal, and analysis of the 
norm preserving extensions from Vx^z to B^. 

Thus, we see that the problem of identifying in the bidisk, the varieties 
that have the ^-extension property for a given algebra A arises naturally if 
one wants to understand the extremal problem (1.5). It turns out that there 
is also a purely operator-theoretic reason to study the ^l-extension property. 
This story begins with the famous inequality of von Neumann [25] . 

Theorem 1.7. If T is a contractive operator on a Hilhert space, then 

\\p{T)\\ <sup \p\ 

D 

whenever p is a polynomial in one variable. 

It was the attempt to explain this theorem that led Sz.-Nagy to discover 
his famous dilation theorem [22] upon which many of the pillars of modern 
operator theory are based (e.g. [23]). An extraordinary amount of work has 
been done by the operator theory community extending the inequality of von 
Neumann, none more elegant than the following result of Ando [7]. 

Theorem 1.8. //T = (T^,T^) is a contractive commuting pair of oper- 
ators on a Hilhert space, then 

(1.9) ||j9(r)|| <sup \p\ 

whenever p is a polynomial in two variables. 

We propose in this paper a refinement of Theorem 1.8 based on replacing 
(1.9) with an estimate 

(1-10) ll/(T)||<sup I/I 

V 

where / is allowed to be more general than a polynomial and F is a general 
subset of the bidisk. For V C B^, let Hol(F) denote the functions defined on 
V that have a holomorphic extension to a neighborhood of V and let Hol°° {V) 
denote the set of elements in Hol(l^) that arc bounded on V . Note that if V 
is a variety and / is holomorphic on V , then a baby theorem in the Cartan 
theory would be that there exists a neighborhood U ^ V and a holomorphic 
function g onU with f = g\V, though such a g might well not be unique. If we 
want to form f{T) where T is a pair of commuting operators, one way would 
be to define f{T) to be g(T) where g(T) is defined via the Taylor calculus [24]. 
Of course, we would need that cr{T) C V (so that cr{T) C U) and, in addition, 
would want f{T) to depend only on / and not on the particular extension g. 
This motivates the following definition which makes sense for arbitrary sets V. 
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Definition 1.11. If y C and T is a commuting pair of operators on a 
Hilbert space, say T is subordinate to V if a{T) C V and g{T) = whenever 
g is holomorphic on a neighborhood of V and g\V = 0. If / G Hol(y) and 
T is subordinate to V define f{T) by setting f{T) = g{T) where g is any 
holomorphic extension of / to a neighborhood of V . If T is subordinate to V 
and (1.10) holds for all / G Hol°°(V), then we say that F is a spectral set for 
T. More generally, if T is subordinate to V, ^ C B.o\°°{V) and (1.10) holds for 
all / G A, then we say that V is an A-spectral set for T. 

Armed with Definition 1.11 it is easy to see that, modulo some simple 
approximations, Ando's theorem is equivalent to the assertion that is a 
spectral set for any pair of commuting contractions with a{T) C D^. Thus the 
following definition seems worthy of contemplation. 

Definition 1.12. Fix F C and let A C Hol°°(F). Say that V is an 
A-von Neumann set if V is an A-spectral set for T whenever T is a commuting 
pair of contractions subordinate to V. 

We have introduced two properties that a set F C might have relative 
to a specified subset A C Hol°°(y) : V might have the A-cxtension property 
as in Definition 1.2; or, it might be an A-von Neumann set as in Definition 
1.12. Furthermore, we have indicated the naturalness of these properties from 
the appropriate perspectives. In this paper we shall show these two notions 
are actually the same. Specifically, we have the following result. 

Theorem 1.13. Let F C B^ and let A C Rol°°{V). Now, V has the 
A-extension property if and only ifV is an A-von Neumann set. 

This theorem will be proved in Section 2 of this paper. 

Theorem 1.13 provides a powerful set of tools for investigating the exten- 
sion property, namely the techniques of operator dilation theory. Specifically, 
in Section 3 of this paper we shall show that if V is polynomially convex 
and V is an A-spcctral set for a commuting pair of 2 x 2 matrices, then the 
induced contractive algebra homomorphism of Hol°°(y) is in fact completely 
contractive (Proposition 3.1). It will then follow via Arveson's dilation theorem 
[8], operator model theory, and concrete //"^-arguments that V must satisfy a 
purely geometric property: V must be balanced. 

To define this notion of balanced, we first recall for the convenience of the 
reader some simple notions from the theory of complex metrics (see [17] for an 
excellent discussion). 

(1.14) C[/(Ai,A2) = sup{(i(F(Ai),F(A2)) : F : J7 ^ D, F is holomorphic} 

and 
(1.15) 

Ku{Xi,\2) = inf {(i(/xi, /i2) : : B — > [/, (p{ij,i) = Xi, is holomorphic} 
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where d(iJ,i, 112) = /l!^^^^^ is the pseudo-hyperbohc metric on the disk. Here, 
(1.14) is referred to as the Caratheodory extremal problem and functions for 
which the supremum in (1.14) is attained are referred to as Caratheodory ex- 
tremals. Furthermore, Ct/(Ai, A2) is always a metric, the Caratheodory metric. 
Likewise, (1-15) is the Kohayashi extremal problem and functions for which the 
infimum is attained are Kobayashi extremals. However, K{\i, A2) is in general 
not a metric though the beautiful theorem of Lempert [18] asserts that if U is 
convex, then in fact Kjj is a metric, and indeed Kjj = Cu. In the simple case 
when U = 1}'^ both (1.14) and (1.15) are easily solved to yield the formulas^ 

(1.16) C„2{\i,X2) = K„2{XuX2) = uisix{d\d^} 

where d^ = d{X\,Xl) and d"^ = d(Af , Ai). 

The formulas (1-16) allow one to see that the description of the extremal 
functions for (1.14) and (1.15) in the case when U = B)'^ splits naturally into 
three cases according as d^ > d'^,di = d2, or d^ < S . If > d^, then 
the extremal function for (1.14) is unique: F{X) = X^. However when d^ > 
d^, there is not a unique extremal for (1.15): any function 93(2) = {z,f{z)) 
where / : D ^ D satisfies f{Xj) = Xf will do. Likewise when d^ < d^ the 
Caratheodory extremal is the unique function -F(A) = A^ and any function 
ip{z) = {f{z), z) where / : D — B solves /(A2) = A2 is a Kobayashi extremal. 
Thus, when d^ ^ d^ , the Caratheodory extremal is unique and the Kobayashi 
is not. When d^ = d^, the reverse is true, the Caratheodory extremal is 
not unique and the Kobayashi extremal is: either F(X) = X^ or F{X) = X^ 
is extremal for (1.14) while ip{z) = {z,f(z)), where / is the unique Mobius 
mapping / : B — B satisfying /(A|) = Af, is the unique extremal for (1.15). 
These considerations prompt the following definition. 

Definition 1.17. If A = (Ai,A2) = ((A}, Af), (Ag, A2)) is a pair of points 
B2, say A is a balanced pair if (i(A}, A2) = d(Af , A^). 

Thus, the Kobayashi extremal for a pair of points A is unique if and only 
if A is a balanced pair. Now, if A is pair of points in D^, and if is extremal for 
the Kobayashi problem, it is easy to check that D = ran <^ is a totally geodesic 
one dimensional complex submanifold of . Conversely, if I? = ran Lp is an 
analytic disk in and D is totally geodesic, then (/9 is a Kobayashi extremal 
for any pair of points in D. Thus, we may assert, based on the observation 
following Definition 1.17, that there exists a unique totally geodesic disk D\ 
passing through a pair of points A in B^ if and only if A is a balanced pair. 



m 



^We shall use superscripts to denote coordinates in D^, subscripts to distinguish points, or to 
denote coordinates of a vector. 
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Concretely, it is the set 

Dx = {{zJ{z)):zeB} 

where / : D ^ D is the unique mapping satisfying f{Xj) = A?. 

We now are able to give the promised definition of a balanced subset of D^. 

Definition 1.18. If F C D^, say V is balanced if D\ CV whenever A is a 
balanced pair of points in V. 

Note that if D is either an analytic disk or a totally geodesic disk in D^, 
then D is balanced in the sense of Definition 1.18 if and only ii D = Dx for 
some balanced pair A. For this reason we refer to Da as the balanced disk 
passing through Ai and A2. Note that if L> is a balanced disk, then every pair 
of points in V is balanced and also D = Dx for each pair of points X & D x D. 
The significance of balanced sets in the context of the extension property on 
the bidisk will be revealed in Section 3 where we shall exploit Theorem 1.13 
to give an operator-theoretic proof of the following result. 

Theorem 1.19. Let y C and assume that V is relatively polynomially 
convex {i.e. nB'^ = V where denotes the polynomially convex hull of 
V). IfV has the polynomial extension property, then V is balanced. 

It turns out that the property of being balanced is much more rigid than 
one might initially suspect. In Section 4 we shall investigate this phenomenon 
by establishing several geometric properties of balanced sets. Finally, in Sec- 
tion 5 of this paper we shall combine this geometric rigidity of balanced sets 
with the elementary observation that subsets of the bidisk with an extension 
property must be if^-varieties to obtain the following result which gives a com- 
plete classification of the subsets V of the bidisk with the polynomial extension 
property (at least in the case when V is relatively polynomially convex). 

Theorem 1.20. Let V be a nonempty relatively polynomially convex 
subset 0/ . V has the polynomial extension property if and only if V has one 
of the following forms. 

(i) V = {A} for some A e B^. 

(ii) y = B2. 

(iii) V = {{z, f{z)\z G B} for some holomorphic / : B ^ B. 

(iv) V = {f{z),z)\z G B} for some holomorphic / : B ^ B. 

After this paper was submitted, Pascal Thomas devised an elegant func- 
tion theoretic proof of Theorem 1.19. We include his proof in an appendix at 
the end of the paper. 



HOLOMORPHIC FUNCTIONS 



295 



2. The equivalence of the von Neumann inequahty 
and the extension property 



In this section we siiall prove Theorem 1.13 from the introduction. Ac- 
cordingly, fix a set y C and a set A C Hol°°(y). 

One side of Theorem 1.13 is straightforward. Thus, assume that V has the 
^-extension property and fix a commuting pair of contractions T such that T is 
subordinate toV. li f E A and g G H°°{B'^) with g\V = f and WgW^^ = 
then 

||/(r)|| = ||5(r)||<||5||B. = ||/||y. 

Hence, since / was arbitrarily chosen, V is an j4-spectral set for T. Hence since 
T was arbitrarily chosen, V is an A-von Neumann set. 

The reverse direction of Theorem 1.13 is much more subtle and will rely 
on some basic facts about Nevanlinna-Pick interpolation on the bidisk. For n 
distinct points in the bidisk Ai, . . . , A„, let ICx denote the set of n x n strictly 
positive definite matrices, [kiij)]^ j=i, such that ki{i) = 1 for each i, 



(2.1) 



(l-A[A])fc,(j) 



> and 



1 



Af A| 



> 0. 



For a proof of the next result see the papers [11], [9] or [2], or the book [3]. 

Theorem 2.2. // Ai, . . . , A„ are n distinct points in and zi, . . . , z„ G C 
then there exists ip G i?°°(D^) with ||<^||d2 < 1 Q^c^ f'^^i) = for each i if and 
only if 



(2.3) 



(1 - ZiZj) ki{j) 



> 0, for all k G /C^. 



Theorem 2.2 allows us via a simple argument to dualize the extremal 
problem (1.5) in the following form. 

Theorem 2.4. If distinct points Ai, . . . , A„ G and points zi, . . . , Zn E C 
are given and p is as in (1.5), then 



inf 



(<T^ - ZiZj)ki{j) 



> for all kelC) 



Finally, Theorem 2.4 yields the following result which will provide the key 
ingredient for completing the proof of Theorem 1.13. 

Lemma 2.5. If p is as in (1.5) and ijj is extremal for (1.5), then there 
exist a commuting pair of contractions T = (Ti, T2) subordinate to {Ai, . . . , A„} 
and such that ||'0(r)|| = p. 
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Proof. We first claim that JCx is compact as a subset of tlie self-adjoint 
n X n complex matrices equipped with the matrix norm. To see this we show 
that ICx is both bounded and closed. That JCx is bounded follows when the 
normalization condition ki{i) = 1 implies that if /c G ICx, then 



<ti K = ^ki{i 



n. 



To see that ICx is closed, we argue by contradiction. Thus, assume that 
{k^} is a sequence in JCx, k^ —>■ /c as £ — > oo, and k ^ JCx- By continuity, 
ki{i) = 1 for each i. Also by continuity, condition (2.1) holds. Hence since 
k ^ JCx it must be the case that k is not strictly positive definite. Choose a 
vector V = (vi) with kv = and v 0. Letting and A^ denote the diagonal 
matrices whose {i, i)^^ entries are Xj and Xf we deduce from (2.1), that if r = 1 
or r = 2, then. 



< J2i^-xiyj)h{j)vjVi 

ki{j)vjVi - k,{j){X'jVj){Xlvi 



= < kv,v > - < khJ'v,K^v > . 

Now, kv = and k, by continuity, is positive semidefinite. Hence both A^v 
and A'^v are in the kernel of k. Continuing, we deduce by induction that if 
m = (7711,777,2) is a multi-index, then A^^-y = {A^)"^^ {A'^)"^'^ v is in the kernel of 
k. Finally, if p is any polynomial in two variables we deduce that 

(2.6) k p{A)v = 0. 

Now V ^ so that there exists i such that v ^ 0. On the other hand p{A) is 
the diagonal operator whose j — j*^ entry is p{Xj) and Ai, . . . A„ are assumed 
distinct so that there is a polynomial p such that p{Xi) = 1 and p{Xj) = for 
j 7^ i. Hence from (2.6) we see that p{A)v = ViCi G ker k which contradicts 
the fact that ki{i) ^ 0. This contradiction establishes that JCx is closed and 
completes the proof that JCx is compact. 

As an immediate consequence of the compactness of JCx and Theorem 2.4 
there exists k E JCx such that 



(2.7) 



(p - ZiZj)ki{j) 



> and 



(2.8) 3weC^ with w ^ and ^(p^ - ZiZj)ki{j)wi wj = 0. 

To define T we first define a pair X = {X^,X'^). Choose vectors fei, . . . , /c„ 
G such that < ki, kj > = ki{j) for all i and j. Since k is strictly positive 
definite, the formulas 

X''ki=^ki l<i<n, r = 1,2 
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uniquely define a commuting pair of n x n matrices X = (X^,X'^). Set T = 
{X^*,X^*). Since X^ and X'^ share a set of n eigenvectors with corresponding 
eigenvalues Ai, . . . A,„ it is clear that X is subordinate to {Ai, . . . , A„}. Hence 
T is subordinate to {Ai, . . . , A„}. Noting that (2.1) implies that both X^ and 
X'^ are contracting we see that T is a contractive pair. Finally, note that if ^ 

is extremal for (1.5) and ip is defined by ip{X) = ip{X), then 



ip{X)ki = ip{Xi)ki = ij{Xi)ki = Ziki. 

Hence (2.7) implies that ||V'"(X)|| < p and (2.8) implies that ||^/'"(X)|| > p. 
Hence \\^{X)\\ = p. But i^{X) = V'(r)* so that \\i^{T)\\ = p. This establishes 
Lemma 2.5. □ 

We now are ready to complete the proof of Theorem 1.13. Thus, assume 
that V is an A-you Neumann set and fix / G ^. We need to show that there 
exists g G H°°(D'^) with g\v = f\v and \\g\\n2 = ||/||y. 

Choose a dense sequence {Xi}^i in V. For each n > 1 consider the 
extremal problem 

(2.9) pn = inf {||<^||d2 : </5(Ai) = /(Aj) for i < n, (^isholomorphic}. 

— 

If ^„ is chosen extremal for (2.9), then 

II , II « 



Pn 

WfiTn) 
(iv) 



(3 
(iii) 



Here, (i) holds since ^„ is extremal for (2.9), T„ is the commuting pair of 
contractions subordinate to {Ai,...,A„} whose existence is guaranteed by 
Lemma 2.5, (ii) holds by Lemma 2.5, (iii) holds since T„ is subordinate to 
{Ai, .... A,,} and ?/'„(Aj) = /(Aj) for i < n, and (iv) holds from the assumption 
that V is an A-von Neumann set and the fact that r„ is a contractive pair 
(r„ is subordinate to V since r„ is subordinate to {Ai, . . . , A„} C V.) 

Summarizing, in the previous paragraph we have shown that for each 
n > 1, there exists V'n e H°°(p'^) with 

(2.10) IIV'nllD^ < and 

(2.11) ^n(Ai) = /(A,) i<n. 

Evidently, either by a uniform family argument or a weak-* compactness in 
H°° argument, (2.10) imphes that there exists g G iJ'^(D^) with i^n 9 
pointwise on and WgW-o^ < \\f\\v- By (2.11) we also have that g{Xi) = /(Aj) 
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for all i. Since {Xijf^i was chosen dense in V it follows that g\V = f. We have 
shown that g exists with the desired properties and the proof of Theorem 1.13 
is complete. □ 

3. Sets with the polynomial extension property are balanced 

In this section wc shall prove Theorem 1.19 from the introduction. In the 
statement of our first result, note that and are the coordinate functions, 
and Ai and A2 are points in D^. We use V~ to denote the closure of V. 

Proposition 3.1. Let F C D^, assume that V has the polynomial ex- 
tension property, and let Ai , A2 G V with X\ ^ X2- If t is a contractive 
2- dimensional representation of P{V~) with (t(A^), r(A^)) = (Ai,A2), then 
T is completely contractive. 

Proof. Let denote the unit ball of the complex n x n matrices and fix 
an n X n matrix p of polynomials in two variables with 

(3.2) ||p(A)|| < 1 for aU XeV. 

Let T = (r(A^), r(A^)) be a pair of commuting contractions on C^. Proposition 
3.1 will be established if we can show that 

(3.3) b(r)||<i. 

We claim that 



(3.4) dn(p(Ai),p(A2)) <dB2(Ai,A2), 

where dfi (respectively, cip2) is the Carathcodory metric in (resp., B^). 

To see (3.4), fix e > 0. Choose a polynomial q such that q : Q, —>■ B) and 

'^D(g(p(Ai)), g(p(A2))) > dn{p{Xi) , p{X2)) - e. Thus g o _p is a polynomial and 

(3.2) implies that sup \q o p\ < 1. Since V has the polynomial extension prop- 
V 

erty, there exists ip G H°°{'D^) with sup|<^| < 1 and (p{Xi) = q{p{Xi)). Hence, 
for each e > 0, 

dn{p{Xi),p{X2)) - e < do(g(p(Ai)), g(p(A2))) 

< d]i])2(Ai, A2), 

which establishes (3.4). 

To see (3.3), choose points zi, Z2 G B such that d{zi, Z2) = (in(p(Ai),p(A2)) 
and let / : D J7 with f{zi) = p{Xi) and /(zg) = p{X2)- Evidently (3.4) 
implies that there exists i/j : O'^ B such that ip{Xi) = zi and ■0(^2) = -^2- 
Hence, since T is a pair of commuting contractions (r is assumed contractive), 
it follows from Ando's theorem (Theorem 1.8) that ip{T) is a contraction. 
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Since ipiT) is a contraction and / : B — > fi, it follows that f{ip{T)) is a con- 
traction. (This follows from the Sz.-Nagy dilation theorem [22], as observed by 
Arveson [8]: in modern language, the disk is a complete spectral set for any 
contraction.) But by construction, f{ip(T)) =p(T). Thus, (3.3) holds and the 
proof of Proposition 3.1 is complete. □ 

Our next result exploits the Arveson extension theorem [8], the Stinespring 
representation theorem [21], and the Sarason interpretation of semi-invariant 
subspaces [20] to interpret the completely contractive representation of Propo- 
sition 3.1. We shall say that a subnormal pair S has extension spectrum in T 
if there is a commuting normal pair N whose spectral measure is supported 
by F and such that the restriction of N to an invariant subspace is unitarily 
equivalent to S. 

Proposition 3.5. Let y C and let T denote the Shilov boundary of 
P{V~). Let H he a Hilbert space and let t : P{V~) '^(TY) be a completely 
contractive representation. There exists a Hilbert space K and a subnormal 

pair S with extension spectrum in T such that for all G P{y~),1C Q Ti is 
invariant for (fiS) and T{ip) = P-}iip{S)\H. 

Proof. By the theorems of Arveson and Stinespring, there is a Hilbert 
space Q containing Ti and a representation tt : C{T) C{Q) such that 

r((/>) = PnT^{<t>)\H for all € P{V'). 

Let N = (7r(A^), 7r(A^)). Then the spectrum of N is contained in F. As r is 
a representation, it follows from Sarason's lemma that 7i is semi-invariant for 
7r(P(F~)). This means that there exists a superspace ICDH such that /C and 
KQHdxe both invariant for 7r(P(F-)). Let S he N □ 

Armed with propositions we axe now ready to commence the proof of 
Theorem 1.19. Accordingly, fix F C and assume that 

(3.6) n = y 

and 

(3.7) V has the polynomial extension property. 

Fix d > and a pair of points A = (Ai, A2) with Aj G F and with the property 
that d(A];, A2) = d = d^Xf, A2). Define a pair of operators T = (Ti,T2) by the 
formulas, Trki = \[ki, i = 1,2, and r = 1,2, where ki, i = 1, 2, is a pair of unit 
vectors in <C? with the property that | < fci,/c2 > P = 1 — (P. Noting that 
d = d{Xi, A2), we see from [1] that 

(3.8) MT)\\ = l, 

whenever tp is an extremal for the Caratheodoty problem for the pair A. (Recall 
that ip is defined by (^(A) = <^(A).) 
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Now observe that ||ri|| = 1 and ||r2|| = 1. Hence, since (3.7) holds we see 
from Theorem 1.13 that y is a polynomial von Neumann set. Consequently, if 
we define r by the formula t{iI))* = ip{T), then r is a contractive representation 
of P{V~). It follows from Proposition 3.1 that r is completely contractive. 
Consequently, if we let F denote the Shilov boundary of P{V~) we obtain from 
Proposition 3.5 a commuting subnormal pair of operators S with extension 
spectrum in F and a 2-dimensional invariant subspace M for S such that 
Ti ^ S*\M. 

Now observe that since ||Ti|| = 1, there exists a vector j & M. with 
II7II = 1 such that 

PMSi{St-f) = T^T^^ = j. 

Since < 1, it follows that 5J7 G ^4. Thus both 7 and 5^7 are in 

M and it certainly cannot be the case that they are linearly dependent, for 
otherwise Ti would have a unimodular eigenvalue, contradicting the fact that 
(t{Ti) = {A{,A2} C B^. It follows that if we let M denote the closed linear 
span of {5"^ S^^iSfj) : ni,n2 > 0} and set Ri = Si\j^, then R = (i?i,i?2) is 
a commuting subnormal pair with extension spectrum in T. Furthermore, R 
is cyclic with cyclic vector Sij,Ri{S*j) = j,M Q M^M. is invariant for R\ 

and i?2' ^^"^ = Ri\M- 

The facts in the preceding paragraph imply that there is a model for T 
and R of the following type: for some probability measure with support on F, 
M = H'^{ijl), the closure of the polynomials in Ri = M^i and R2 = M^2 , 

multiplication by the coordinate functions; evaluation at Ai and evaluation 
at A2 on polynomials extend by continuity to continuous linear functionals 
on H'^{h) represented, say, by the vectors kx^ and kx^'^M. = spanjfeAi, /caj}; 
Sf-f = l;Trkx^ = A^fe^r Also, note that (3.8) in this model asserts that 

(3.9) ||M;|A^|| = 1 

whenever (p is an extremal for the Carathcodory problem for the pair A. 

Now let Dx = {{z,m{z)) : 2; G D} be a parametrization of the balanced 
disk passing through the points Ai and A2. If functions ipi and ip2 are defined 
by the formulas (pi{r]) = 77^ and (p2{r]) = '^"^('7^)) then ipi and ip2 are extremal 
for the Caratheodory problem for the pair A and have the additional property 
that 

(3.10) ^i(Ai) = A,^ = ^2(Ai) for i = l,2. 

Now, since ipi is extremal, (3.9) and the fact that Sij = 1 imply that 

j Ifil'^d/i = \\M^^lf = 1. 
Hence, |¥'i(r?)| = 1 /x a.e. But (3.10) implies that M*\m = M*\m so that 
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M<^2 ^-Iso attains its norm on 1. Hence we can also deduce that |</'2(^)| = 1 A* 
a.e. Since \^pi\, \^2\, and i^^til ^re all 1 a.e., we have that /x is actually 
supported on dD. 

Summarizing, we have shown that if A = (Ai,A2) is a balanced pair of 
points in V and Dx is the balanced disk passing through the pair, then there is 
a probability measure n supported on TndDx such that Ai and A2 are bounded 
point evaluations for H'^di). Changing variables to B and invoking the classical 
result of Kolmogorov, Szcgo, and Krein yields that in fact every point in D\ 
is a bounded point evaluation of H'^[fi). As bounded point evaluations are 
necessarily in the polynomial convex hull of the support of we conclude via 
(3.6) that Dx CV and the proof of Theorem 1.19 is complete. □ 

4. Some geometric properties of balanced sets 

In this section we shall derive several simple facts about balanced subsets 
of the bidisk. The main point is that if there is more than one balanced disk in 
a balanced set, then the set must fill in to the entire bidisk. This will provide 
us with a lot of mileage in Section 5 when we prove the classification theorem 
(Theorem 1.20) from Section 1. 

Lemma 4.1. Let B be a balanced subset o/B^. If Di is a balanced disk 
in B and X G B \ Di, then there exists a balanced disk D2 in B with A G -D2 
and DinD2^ 0. 

Proof. Let Di = {(z, f{z)) : 2; G B} be a parametrization of Di with / an 
automorphism of the disk. If we define a function p on B by the formula 

p{z) = d{\\z)-d{\\f{z)), 

then the facts that \ ^ Di and / is an isometry guarantee that p(A^) < 
and p{f~^{X'^)) > 0. Consequently, the connectedness of B implies that there 
exists a point G B with the property that p{zq) = 0. But since p{zq) = 0, 
((A^, A^), (zo, /(zo))) is a balanced pair of points in B. Since B is assumed 
balanced, it follows that if we let D2 denote the balanced disk that passes 
through these points, then D2 lies in B. Finally, the fact that {zo,f{zo)) G 
Di n D2 completes the proof of Lemma 4.1. □ 

Lemma 4.2. For r G 5B and a G B, let THj- (X denote the automorphism 

o/B defined by nir^aiz) = t If we view m,-^„ as a mapping from B~ into 

B~, then exactly one of the following four cases occurs. 

(i) r = 1 and a = 0. 

(ii) T ^ 1 and |1 — r| = 2\a\. 

(iii) 11 - rl < 2|q|. 

(iv) |1 - r| > 2\a\. 
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Furthermore, 

(i) holds if and only if every point in D~ is a fixed point for mr,a ■ 

(ii) holds if and only if rur^a has exactly one fixed point on dB)~ . 

(iii) holds if and only if mr,a has exactly two fixed points on . 

(iv) holds if and only if m-r^a has exactly one fixed point in D. 



We eschew the proof of Lemma 4.2. 

Lemma 4.3. Let B he a subset ofB'^ with the balanced point property. If 
Di and D2 are two distinct balanced disks in B and X E Di f] D2, then there 
exists a set U in such that U is open in and X E U C. B. 

Proof. Let S be a balanced subset of and let Di and D2 be as in the 
lemma. By composing with an appropriate automorphism of we can reduce 
the lemma to the special case when (0,0) € Di fl D2,Di = {{z,z) : z G B}, 
and for some 00 G dO, D2 = {{z, uiz) : z G D}. For r G dO and a G D, let mr,a 
denote the automorphism of D defined by mr,a{z) = t~j5§^ and let D^.a denote 
the balanced disk defined by Dt-^q = {(^)"^r,a(-2)) '■ z G B}. Evidently, what 
we would like to show is that for each sufficiently small A G B^, there exist 
r G 5B and a G B \ {0} such that A G Dr,a, Dr,a n L>i / 0, and Dr,a n 1)2 / 0- 
Equivalently, we want to show that for each sufficiently small A G B^, there 
exist r G 5B and a G B \ {0} such that 

(4.4) m^,«(Ai) = X", 

(4.5) mr,a{z) = z for some z G B, 
and 

(4.6) mr,a{z) = ujz for some 2; G B. 

Now observe that (4.5) asserts that ttIt^q, has a fixed point in B. Similarly, 

(4.6) asserts that Lom-j- a — nT-uiT a has a fixed point in B. Furthermore, the 
general mr,a satisfying (4.4) is given in terms of a free unimodular constant, 

e**, by 

e^*-A'A2 e^*Ai-A2 

(4.7) r = —o and a = ^1 — . 

1 - e^*AiA e^* - A A2 

An examination of Case (iv) in Lemma 4.2 thus reveals that Lemma 4.3 will 
follow if we can show that for all sufficiently small A G B^, there exists e** 
such that if r and a are defined as in (4.7), then |1 — r| > 2\a\ > and 
|1 — aJr| > 2 1 a I > 0. Noting that if A is small, so also is a and that if A is 
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small, r and lot are close to e** and we**, we see that the lemma follows by 
choice of e** so that neither of these latter quantities is close to 1, and so that 

Lemma 4.8. IfB is a balanced subset o/B^ and B has nonempty interior, 
then B = 13)2. 

Proof. Since automorphisms of map balanced sets to balanced sets, we 
can assume that (0,0) is in the interior of B. Let = {A G B^ : lA-*^! = lA^I}. 
We claim that 

(4.9) ECB. 

To see (4.9) fix A G i?. Since (0, 0) is in the interior of B, there exists e > 
such that e\ G B. Now, B is balanced and ((0, 0), eA) is a balanced pair. Hence 
D = ^(^z, I z G b| C B. In particular, A G -B and we have shown that 

(4.9) holds. 

To see that S = B^, fix A G B^ \ choose an automorphism m : B — > B 
such that m(A^) = A^ and let D = {{z,m(z)) \ z G B}. Evidently, since 
A G D, Lemma 4.8 will follow if we can show that D C. B. In turn, D C. B will 
follow from (4.9) and the fact that B is balanced if we can show that there exist 
two distinct points in D n Now, since X ^ E, m(0) 7^ 0. Hence sometimes 
\z\ < \m{z)\ and sometimes \z\ > \m{z)\. It follows from the intermediate value 
theorem that there is in fact a continuum of points z such that \z\ = \m{z)\, 
i.e., {z,m{z)) e DDE. 

This completes the proof of Lemma 4.8. □ 

Proposition 4.10. If B is a balanced subset of B^ and B contains a 
balanced pair of points, then either B is a balanced disk or B = B^ . 

Proof B contains a balanced pair, say, A. Since B is balanced, Dx C B. 
If B = Dx, then 5 is a balanced disk. Thus, the proposition will follow if it is 
the case that the assumption B ^ Dx implies i3 = B^. 

Accordingly, assume that B \ Dx 7^ 0- By Lemma 4.1, there exists a 
balanced disk D with D ^ Dx and D (1 Dx ^ By Lemma 4.3, B has 
nonempty interior. Hence Lemma 4.8 implies that 5 = B^ and the proof of 
Proposition 4.10 is complete. □ 

5. Which sets have the extension property? 

In this section we shall prove Theorem 1.20 from Section 1 of this paper. 

Lemma 5.1. Let V CO'^ and assume that nO"^ = V. If V has the 
polynomial extension property, then either V consists of a single point or V 
has no isolated points. 
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Proof. The conclusion of the lemma is logically equivalent to the assertion 
that if V has an isolated point then F is a point. Accordingly, assume Xq &V 
is an isolated point of V. Now, the maximal ideal space of P{V~) is and 
by hypothesis fl = y. Hence since Aq is an isolated point in V, Xq is 
an isolated point in the maximal ideal space of P{V~). It follows from the 
Shilov idempotent theorem (see e.g. [5]) that there exists e G P{V~) with 
e(Ao) = 1 and e(A) = for all A € \ {Aq}. By approximating e we may find 
a polynomial p with |p(Ao)| > ^ and \p\ < ^ on \ {Xq}. Now, necessarily, 
supy \p\ = \p{Xo)\. Hence the polynomial extension property implies that there 
exists g G i7°°(D^) with sup|5f| = \g{Xo)\. It follows from the maximum 

principle that g is constant. Thus, p is constant on V and \ {Xq} is empty. 
This means that, indeed, V = {Aq} and concludes the proof of Lemma 5.1. □ 

Before continuing, we remark that an alternate proof of Lemma 5.1 can 
be obtained by showing that the Shilov boundary of P{V~) must necessarily 
lie in the boundary of if V has the polynomial extension property and then 
invoking the Hugo Rossi local maximum principle. Either way it is curious 
that there appears to be no "elementary" proof of the lemma. 

Lemma 5.2. Let F C ^^^^ assume that nB'^ = V. If V has the 
polynomial extension property and Aq G \ V, then there exists h G iJ°°(D^) 
with h{Xo) ^ and h\V = 0. 

Proof. Fix positive e with e < 1. Since Aq G \ V, Xq ^ V^. Hence 

there exists a polynomial p with p{Xo) = 1 and sup \p\ < e. As V has the 

V 

poynomial extension property, there exists G in iJ°°(D^) with g\v = P and 
sup l^l < £. Setting h = p — g we see immediately that h G h{Xo) 7^ 

and h\V = 0. This establishes Lemma 5.2 □ 

We recall for the reader that the intersection of an arbitrary collection of 
zero sets of holomorphic functions defined on a domain of holomorphy D is in 
fact analytic in D (see eg. [14]). Hence Lemma 5.2 has as an immediate corol- 
lary that any relatively polynomially convex subset of with the polynomial 
extension property is in fact an analytic variety. 

In the following lemma for 2; G C and e > we let 

Az(r) = {w eC \ \w - z\ < e}. 

The lemma may be regarded as an immediate consequence of the local descrip- 
tive theory of analytic varieties and we therefore omit its proof. We use Zer(/i) 
to denote the zero-set of h. 



HOLOMORPHIC FUNCTIONS 



305 



Lemma 5.3. Let h G H'^iB'^), assume that h ^ 0, and fix Xq G with 
h{Xo) = 0. There exist n>Q and ei,£2 > such that for all 

zeA,^{ei)\{Xl} 

there exists a neighborhood U with U C A_;^i(£:i) \ {Aj} of z and n distinct 
holomorphic functions fi, ■ ■ ■ fn defined on U with the property that 

n 

Ze^ih) n{Ux A^.{82)) = U {{z,ft{z))\z e U}. 

l=\ 

Thus, the zero set Zer(/i) of an function near a point Aq consists of 
n horizontally stretched "sheets" as described in Lemma 5.3. There may or 
may not be a vertical sheet {(Aq, z) : z G B} in Zer(/i), though if there is not, 
necessarily /t > 0. 

Armed with the preceding three lemmas we now are ready to commence 
the proof of Theorem 1.20 from the introduction. Accordingly, fix a nonempty 
relatively polynomially convex subset 1/ of B^. \i V has one of the forms 
(i)-(iv) of Theorem L20 then F is a retract, i.e. there exists a holomorphic 
mappmg p : with p o p = p and ran p = V . Clearly if p is a 

polynomial, pop yields a norm-preserving extension of p to B^ and thus V has 
the polynomial extension property. 

To see the reverse direction assume V has the polynomial extension prop- 
erty. If V consists of a single point, then V is as in (i) and we are done. Also, 
since by Theorem 1.19, V is balanced. Proposition 4.10 implies that if V con- 
tains a balanced pair of points then either i? is a balanced disk (in which case 
V is as in (iii) as well as (iv)) or V is (in which case V is as in (ii)). Thus, 
we may make the following assumptions. 

(5.4) V contains more than one point. 

(5.5) V contains no pair of balanced points. 

At this point we are able to describe how the proof of Theorem 1.20 will 
be consummated. Say a set C is an extremal disk if E has one of the 
forms 

(5.6) E = {{z,f{z))\zen}, 
or 

(5.7) E = {{f{z),z)\zel]>} 

for some holomorphic mapping / : B — > B. If £^ is an extremal disk we say E 
is type 1 if (5.6) holds and wc say E is type 2 if (5.7) holds. Extremal disks 
are so named because they are precisely the ranges of extremal functions for 
the Kobayashi extremal problems. Also, an extremal disk is both type 1 and 
type 2 if and only if it is a balanced disk. 
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We shall show in Lemma 5.8 below, that if (5.4) and (5.5) hold, then given 
any point X E V, there exist extremal disks E Q V that are arbitrarily close 
to A. Since (5.4) implies via Lemma 5.1 that V has no isolated points, it will 
then follow that y is a union of extremal disks (Lemma 5.17). Finally, wc shall 
show that V cannot contain more than one extremal disk (Lemma 5.20) and 
the proof of Theorem 1.20 will be complete. 

Lemma 5.8. Let V CB^, assume that nO^ = V, that V has the 
polynomial extension property, and that (5.4) and (5.5) hold. If e > and 
Xq G V, then there exists zq € B, /xq G V, and holomorphic / : B — ^ D with 
IImo ~ '^oll < ^ CL'Ti'd such that either 

(i) {{z, f{z)) I z G B} C y and (zq, /(zq)) = /^o 

or 

(ii) {{f{z),z) I z G B} C y and (/(zo,^o) = 

Proof. Assume that V satisfies the hypotheses of the lemma, let £ > 
and fix Aq G V. By Lemma 5.2 there exists h G i/°°(B^) with h and 
V C Zer(/i). An application of Lemma 5.3 to h yields n > and ei,e2 > 
such that for all zq G A;^i(Gi) \ {^q} there exists a neighborhood Uz^ of zq 
with C A^i(Gi) \ {Aq} and n distinct holomorphic functions /i, . . . , on 
with the property that 

n 

(5.9) Zer(/i) n x A;,g(G2)) = (J {(^' M^)) I ^ ^ Uz^}. 

Now, by Lemma 5.1, Aq is not an isolated point of V . Thus, either 
(5.10) 

there is a sequence {wn\ ^ B with Wn Aq and (Aq, Wn) for all n 

or, 

(5.11) there is a point \X{^&V with / Aq and ||/io — -^o|| < min{e,ei,e2}. 

If (5.10) obtains, then it is easy to see that the conclusion of Lemma 5.8 
holds. Simply note that if 5 G i?°°(B^) and g\y = 0, then (5.10) implies that 
g{XQ,Wn) = for all n. Hence since u)„ ^ Aq G D, g{XQ,w) = for all w Eli. 
But this implies via Lemma 5.2 that (Aj, w) eV for all it; G B, and this implies 
that (ii) holds with f{z) = Xq, fiQ = Xq, and zq = Aq which establishes Lemma 
5.8 in the case when (5.10) holds. 

To handle the case when (5.11) holds is more subtle. First note that 
since /i^ 7^ Ag and ||/xo — Aq|| < min{e, ei, £2}, we have G A^i{ei) \ {Xq} 
and /Xq G Zer(/t) n (C/^i x A;^i(£i)). Thus, noting that V C Zer(/i) and that 
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Lemma 5.1 implies /hq is not an isolated point of V, we see from (5.9) (with 
zq = fj,^), that there exist i and a sequence {zi} with Zi fj,Q, f(,{zi) — > /Ug such 
that both Zi G ?7^i and {zi,fe{zi)) G V. 

Let Go denote the component of U^i containing /i/j. Wc claim that 
(z, f£{z)) E V for all z € Gq- To see this we shall use Lemma 5.2. Thus, 
let g G i?^(]D)^) with g\v = 0. Define a holomorphic function if on Gq by 
ip{z) = g{z, fe{z)). Indeed, is a well defined holomorphic function since (5.9) 
implies that {z, fe{z)) C jf z G U^i 5 Gq. 

Since Zi fJ^o, Zi G Gq for sufficiently large i. Also, {zi,fi{zi)) G F so 
that (p{z) = g{z, f{z)) = for i sufficiently large. As ip is holomorphic and 
Go is connected these facts imply that (p{z) = for all z G Gq. Therefore, if 
g G H°°{'D^) and g\v = 0, then g{z, fe{z)) = whenever z G Gq. Thus, we see 
from Lemma 5.2 that indeed (z, fe{z)) G V for all z eV. 

Recapping, we have shown that there is a fiQ eV, a connected neighbor- 
hood Go of Hq, and a holomorphic : Gq ^ B so that ||//o — -^o|| < 

{{z,f{z)) \z€Go} Q V 

and 

(^Mo>/^(/^o)) = Mo- 

Notice how similar this is to (i) in the conclusion of Lemma 5.8 (with zq = fi^). 
Indeed, we would have established the lemma if it were the case that had 
an analytic continuation fi to the entire disk with ran/ C D. This however 
does not have to be the case in general. The next part of the proof of Lemma 
5.8 addresses this issue. 

Define a set S in by letting S = {{z, w) \ z,w E Gq and z w} and 
define a real- valued function p on S" by letting 

p{z,w) = d{z,w) - d{fi{z),fi{w)). 

Since Go is connected and open, S is also connected. Furthermore, notice 
that since (z,/^(z)) G V whenever z G Gq, (5.5) implies that p{z,w) 7^ for 
all {z,w) G S. Since p is continuous it follows from the intermediate value 
theorem that either 

(5.12) p{z,w)>0 for all {z,w) £ S, 
or 

(5.13) piz,w)<0 for all {z,w) e S. 

Now, if (5.12) holds then, indeed, fe docs extend to a holomorphic mapping 
/ : D — >■ B. To see this consider function elements (G, fa), with G a connected 
open subset of B such that Gq C G and /g : G — > D a holomorphic function 
with fa \go = fe- 
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We first claim that 



(5.14) 



{zjG{z))eV for all z e G. 



To see (5.14), let Gi be the component of {z £ G \ {z, faiz)) G V} that 
contains Gq. The proof of (5.14) will follow if we can show that it is both open 
and closed as a subset of G. That Gi is open follows from Lemmas 5.2 and 
5.3. That Gi is closed follows from the fact that n = y. 
Next we claim that if {G, fa) is a function element then 

(5.15) fa is strictly contractive on G in the pseudo-hyperbolic metric. 

To prove (5.15) note that we are assuming that (5.12) holds, i.e., fa is con- 
tractive on Gq. Just as in the proof that either (5.12) or (5.13) hold we see 
that p > on the set {{z,w) \ {z,w) G G and z ^ w). Hence (5.15) obtains. 

We next claim that if (Gi, /d), (^2,702) ^re two function elements, then 



To see (5.16) we argue by contradiction. Thus, assume that zi G Gi n G2 
with /gi(-Zi) 7^ /g2(-2^i)- Choose a curve z : [0, 1] — > G2 with z{0) G Gq and 
z{l) = zi. Define ^ : [0, 1] ^ M by 



When t = 0, fG2{zt) = fcii^o) = fdizo) since /d = /ca on Gq and zq G Gq. 
Hence ijj{0) > by (5.15). On the other hand, V'(l) < since z{l) = z\ and 
foiizi) =^ /caC-^^i)- Hence there exists to such that V'(*o) = 0. But this says 
that the pairs of points (2;(to), /g2 (-^^(^o))) and {zi, fdizi)), which by (5.14) 
are in V, are balanced pairs. This contradiction to (5.5) establishes (5.16). 

Finally, note that (5.16) allows us to construct a maximal function element 
(G, /g). We claim that G = B. Indeed, ifwe dG n B, one of two things must 
have happened. Either 



which would contradict 5.15; or fa has a singularity at w. By Lemmas 5.2 
and 5.3, this singularity is isolated. Since isolated singularities of bounded 
holomorphic functions are removable, dG n D = 0. 

We are finally able to complete the proof of Lemma 5.8. If (5.12) holds, 
then take f = fa where G is as in the previous paragraph. Now, (i) holds 
by (5.14). If (5.13) holds then execute the argument just carried out under 
the assumption that (5.12) held but with the coordinates interchanged, i.e. Gq 
replaced with an appropriate connected neighborhood of fiQ, /gq replaced with 
f^^ and the manifolds {z,fG{z)) replaced by {fG{z),z). This yields the fact 
that (ii) holds and completes the proof of Lemma 5.8. □ 



(5.16) 



/Gi = /g2 on Gi n G2. 



m = d{z{t),z,)-d{fG,xt)jG-M)). 



lim 1/(^)1 = 1, 
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Lemma 5.17. // V satisfies the hypotheses of Lemma 5.8, then V is a 
union of extremal disks. 

Proof. Fix \ E V. By Lemma 5.8, there exist sequences {zn}, {A„}, and 
{/„} such that A„ ^ A and such that either 

(5.18) {iz,fniz))\zeD}CV and (^„, /„(zn)) = A„ for all n, 
or 

(5.19) {{fn{z),z)\z eD}CV and {fn{zn),Zn) = \n for all n. 

Suppose (5.18) holds. Evidently, Zn and fn{zn) A^. Furthermore, 

since sup|/„| < 1, by passing to a subsequence if necessary we may assume 
that /„ f uniformly on compact subsets of B. Necessarily, 

{{z,f{z)) I zeD} c V 

(since V is a closed subset of B^) and obviously, (A^, /(A^)) = A. Thus, A is in 
a subset of V which is an extremal disk of type 1. Likewise, if we assume that 
(5.19) holds, then A is in a subset of V which is an extremal disk of type 2. 
This completes the proof of Lemma 5.17. □ 

In light of Lemma 5.17 the proof of Theorem 1.20 will be complete once 
we have established our final lemma. 

Lemma 5.20. IfV satisfies the hypotheses of Lemma 5.8, then V cannot 
contain more than one extremal disk. 

Proof. There are two cases to rule out: V contains two extremal disks of 
the same type and V contains two extremal disks of different type. 
First suppose V contain two distinct disks of type 1: 

Ef = {{z, f{z))\z e B} and Eg = {{z,g{z))\z G B}. 

We claim that 

(5.21) d{z,w) < d{f{z),g{w)) whenever z ^ w ov f{z) g{w). 

To prove (5.21) let S = {{z,w)\z w or f{z) ^ g{w)}, define p : S ^ M 
by p(z,w) = d{f{z),g{w)) — d{z,w). Since Ef ^ Eg,f ^ g and we see that 
for some zq.,{zq.,zq) € S and p{zq,zq) > 0. Also, by (5.5), p{z,w) ^ for all 
{z, w) G S. It follows by the fact that S is connected and p is continuous that 
p > on all of S, i.e., (5.21) holds. 

Armed with (5.21) wc are able to show that f = g in the following way. 
Alternately fixing w and letting z dO and fixing z and letting w dJ} 
immediately imply via (5.21) that / and g are inner. Furthermore since |/| 
and \g\ have unimodular limits along all paths to 5B, in fact / and g are finite 
Blaschke products. Observe that if 2; is a zero of / and u; is a zero of g, then 



310 



JIM AGLER AND JOHN E. MCCARTHY 



(5.21) implies that z = w. Thus, / and g are automorphisms of D. Letting 
— > g~^{f{z)) in such a way that Wn ^ z and Wn 7^ g''^{f{z)) reveals via 

(5.21) that g^^{f{z)) = z, i.e., f = g. Thus, we see that Ef and Eg are 
not distinct after all, a contradiction that establishes the fact that U does not 
contain two extremal disks of type 1. Of course a nearly identical argument 
shows that V cannot contain two extremal disks of type 2 as well. 

Now suppose V contains two distinct extremal disks of opposite type say 
Ef = {{z,f{z))\z G B} and Eg = {{g{z),z)\z G D}. The argument of the 
previous part of the proof gives that either 

(5.22) d{z,g{w)) < d{f{z),w) whenever z ^ g(w) or w ^ f{z) 
or 

(5.23) d{f{z)w) < d{z,g{w)) whenever z ^ g{w) or w ^ f{z)- 

If (5.22) holds, then choosing Wn —>■ f{z) in such a way that Wn 7^ f{z) 
and g{wn) ^ z gives that g{f{z)) = z. But this implies that Ef = Eg, a 
contradiction. Likewise, if (5.23) holds, we reach a contradiction and Lemma 
5.20 is established. □ 



6. Appendix by Pascal J. Thomas 

The following direct function theoretic proof of Theorem 1.19 is due to 
Pascal J. Thomas, of Universite Paul Sabatier. It is based in part on an argu- 
ment, in the context of the unit ball, that Jean-Pierre Rosay showed Thomas 
in a conversation in 1993. 

Proof. First, note that (pi,P2) is a balanced pair of points if and only 

if there exist 1711,1712 G M, two automorphisms of the unit disk such that 
i^i{Pi) = "^''2(^2) = s-^d "T^i(Pi) = '^^(j'l)- Polynomials themselves are not 
invariant under automorphisms of the bidisk, but any composition of a poly- 
nomial by such an automorphism is easily seen to be uniformly approximable 
by polynomials on the closed bidisk. So we might reduce ourselves to the case 
pi = (0,0), j)2 = i^,^)- In that case, the unique totally geodesic complex disk 
going through both points is the diagonal A := {{z, z) : z E D}. 

By the hypothesis that V is polynomially convex, to prove that A C F, it 
will be enough to prove that V D dA := {{z,z) : z G dD}. Suppose not; then 
there exists 6*0 and (5 > such that F C 1^ \ D{e''^°,5f =: K. 

Consider the holomorphic retraction from onto A (or rather, the unit 
disk parametrizing A) given by tt{z,w) := ^{z + w). By strict convexity of 
the unit disk, tt~^ {e^'^°} nW = {(e*^o, e*^")}, so that (e^^",e^^«) ^ 7r{K) and by 
compactness, there exists e > so that 7r(F) C D \ -D(e*^°, e) =: fi. 
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Now there exists a holomorphic function / on such that /(fi) C D, 
/(O) = and |/(A)| > |A|; take for instance / the conformal mapping from J7 
to D, the property is then simply the Schwarz lemma applied to the map 
at the point /(A). I claim that the map {f o iT)\y, which has uniform norm 
bounded by 1, cannot extend to any / G iJ°^(B^) with ||/||oo < 1- 

Indeed, if such an / existed, then fi(z) := f{z,z) would give a function 
from the unit disk to itself such that /i(0) = 0, but by the extension property 
/i(A) = /(A), which violates the Schwarz lemma. 

To see that the polynomial extension property is violated, it is enough to 
approximate / by a polynomial P (by Mergelyan's theorem), so that 
sup^gQ |P(2;)| < 1 and |P(A)| > |A|, and then run the same argument with 
(Po7r)|v-. □ 
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